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                    Motivations

Exemples

• Aerodynamic: Aeronautics, automobil;

• Hydrodynamic: boat, physiological flows;
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                    Motivations

• Modelling physiological flows such as

blood flow in large arteries

Steps:

Physiolocigal problem =⇒ Mathematical and numerical problem =⇒ Numerical simulation



Motivations

Mathemathical analysis provides

— A mathematical framework (energy spaces, existence, uniqueness...) ;

— A framework to design efficient schemes ;

— Insight on the limit of the model.
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          Fluid-Structure Interaction

• Fluid: Newtonian, viscous, incompressible

=⇒ Navier-Stokes equations

• Structure: Elastic media, large displacements

=⇒ 3D elasticity, plate/shell models, rigid body...

• Coupling conditions at the interface:

=⇒ Equality of the velocities

=⇒ Equality of the strain tensor

=⇒ Energy balance at the interface



            Mathematical Model

We consider a 2D container whose boundary is made of a 1D elastic rod or

beam.

Fluid Domain:

Ωη(t) := {(x, y) 2 R
2 , x 2 (0, L) , y 2 (0, 1 + η(x, t))} .

Fluid:
8

>

>

>

<

>

>

>

:

ρf∂tu+ ρf (u ·r)u� ν∆u+rp = f in Ωη(t),

divu = 0 in Ωη(t),

u(0, ·) = u0 in Ωη0
,

Structure:
(

ρs∂ttη � δ∂xxttη + α∂4

xη � β∂xxη � γ ∂xxtη = (Tf )2(u, p, η) in (0, L),

η(0, ·) = η0, ∂tη(0, ·) = η1,

Boundary conditions:

• u(t, ·) = 0 on Γ0.
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             Mathematical Model

Coupling conditions:

• Domain:
Ωη(t) = φ(η)(Ωf )

• Equality of the velocities:

u(t, x, 1 + η(t, x)) = (0, ∂tη(t, x))
T
, x 2 (0, L).

• Force: Z L

0

Tf · v̄ =

Z
Σ(t)

(�2νD(u) · nt + pnt) · v 8v,

with D(u) = (ru+(ru)T )/2 and v̄(t, x) = v(t, x, 1+ η(t, x)), x 2 (0, L).



Fluid boundary conditions

• Enclosed cavity

u = 0, on Γin [ Γout,

• Inflow-out flow boundary conditions

σf (u, p) · n = �pinn, on Γin,

σf (u, p) · n = �poutn, on Γout,

where σf (u, p) = �pI + 2νD(u) denotes the fluid stress tensor, D(u)
stands for the fluid strain tensor, D(u) = 1

2
(ru+ (ru)T ), and n denote

the exterior unit normal to the considered boundary.

Note that many other boundary conditions could be imposed for instance

σf (u, p) · n · n = �pin,u · τ = 0, on Γin,

σf (u, p) · n · n = �pout,u · τ = 0, on Γout,



  Remarks

• We have formally

(2D(u) · nt)2 = (ru · nt)2, on ∂Ωη(t) \ Γ0.

and a Korn equatlity

Z
Ωη(t)

|D(u)|2 =

Z
Ωη(t)

|ru|2.

• When considering homogeneous Dirichlet boundary conditions or periodic

boundary conditions, the equalities of the velocities and the incompressibility

imply Z
ω

∂tη = 0.

This condition traduces the preservation of the volume of the fluid cavity.

• The pressure p is not defined up to an additive constant but is uniquelly defi-

ned. When considering homogeneous Dirichlet boundary conditions or periodic

boundary conditions, its average is the Lagrange multiplier associated to the

volume preserving constrain.
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At least formally

u1(x, 1 + η(x)) = 0,

thus

∂xu1(x, 1 + η(x)) + ∂xη(x)∂yu1(x, 1 + η(x)) = 0

But, due to the fluid incompressibility we obtain:

�∂yu2(x, 1 + η(x)) + ∂xη(x)∂yu1(x, 1 + η(x)) = 0

Since

(ru)T =

✓

∂xu1 ∂xu2

∂yu1 ∂yu2

◆

and nt =
1p

1+(∂xη)2
(�∂xη, 1)

T we obtain that

((ru)T ·nt)2 =
1

p

1 + (∂xη)2
(∂yu2(x, 1 + η(x))� ∂xη(x)∂yu1(x, 1 + η(x))) = 0.

We then deduce that
Z

Ωη(t)

(ru)T : ru = 0.
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Even when considering homogeneous Dirichlet boundary conditions or periodic
boundary conditions the pressure is uniquely defined. Indeed, the incompress-
ibility condition together with boundary conditions imply:

Z L

0

∂tη = 0 , ∀ t > 0 .

Consequently, Z L

0

(Tf )2(u, p, η) = 0.

The pressure can be then decomposed, for instance, as

p = p0 + c,

where, one can choose to impose

Z
Ωη(t)

p0 = 0,

and where c satisfies

c(t) =
1

L

Z L

0

(Tf )2(u, p0, η) =
1

L

Z L

0

e2·(σ(u, p0))(x, 1+η(x, t), t)(−∂xη(x, t) e1+e2).
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          Mathematical Analysis

Difficulties:

• Lack of energy estimates =⇒ look for smooth solutions;

• Geometrical non linearities:

– lack of regularity of the structure displacement =⇒ look for smooth

solutions;

– work in non cylindrical time-space domain;

• Non linear coupled problem =⇒ need to obtain compactness;

• Hyperbolic-parabolic coupling =⇒ depending on the proof scheme, need

to add additional viscosity;

• Added mass effect;

• How to deal with contact?

• How to obtain global existence of solution?
<latexit sha1_base64="/9fv8VYYgi/yCXaMIq/VqLXMXbI="></latexit>



Energy estimates

• Enclosed cavity, x-periodic boundary conditions, or modified Neumann

boundary conditions

σf (u, p+ ρf

|u|2

2
) · n = −pinn, on Γin,

σf (u, p+ ρf

|u|2

2
) · n = −poutn, on Γout,

=⇒ Energy estimates;

• Neumann boundary conditions =⇒ no energy estimates due to the kinetic

energy fluxes at the outlets:

Z
Γin∪Γout

ρf

|u|2

2
u · n
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  Energy Estimates

ρf
Z
Ωη(t)

∂tu · u+ ρf
Z
Ωη(t)

(u ·r)u · u+ 2ν

Z
Ωη(t)

|D(u)|2 +
ρs

2

d

dt

Z L

0

(∂tη)
2

+δ
d

dt

Z L

0

(∂x∂tη)
2 +

α

2

d

dt

Z L

0

(∂xxη)
2 +

β

2

d

dt

Z L

0

(∂xη)
2 + γ

Z L

0

(∂x∂tη)
2 =

Z
Ωη(t)

f · u+

Z L

0

g ∂tη.

But Z
Ωη(t)

∂tu · u+

Z
Ωη(t)

(u ·r)u · u =
1

2

d

dt

Z
Ωη(t)

|u|2.

=) Energy estimates:

u 2 L∞(0, T ;L2
] (Ω⌘(t))), D(u) 2 L2(0, T ;L2

] (Ω⌘(t))),

and

η 2 W 1,∞(0, T ;L2
] (0, L)) \ L2(0, T ;H1

] (0, L)),

for α > 0
η 2 L2(0, T ;H2

] (0, L)),

for γ > 0
∂tη 2 L2(0, T ;H1

] (0, L)),

for δ > 0
∂tη 2 L∞(0, T ;H1

] (0, L)).
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  Weak Formulation

ρf

Z t

0

Z
Ωη(s)

∂tu · φ+ µ

Z t

0

Z
Ωη(s)

ru : rφ+ ρf

Z t

0

Z
Ωη(s)

(u ·r)u · φ

+ρs

Z t

0

Z L

0

∂ttη b+ α

Z t

0

Z L

0

∂xx∂tη ∂xxb

+γ

Z t

0

Z L

0

∂x∂tη ∂xb+ β

Z t

0

Z L

0

∂xη ∂xb

=

Z t

0

Z
Ωη(s)

f · φ+

Z t

0

Z L

0

g b,

8(φ, b) such that div(φ) = 0, in Ωη(t),

φ(t, x, 1 + η(t, x)) = (0, b(t, x))T on (0, L).
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• Solid: string model (infinitesimal displacements)

• Fluid: fixed fluid domain, no viscosity/convective terms






































ρf
∂u

∂t
+ �p = 0, in Ω

f

div u = 0, in Ω
f

u · n = ḋ, on Σ

u · n = 0, on Γ1

p = 0, on Γ2

Σ

Ω
f

d

Γ1

Γ2 Γ2

=⇒

div

(Causin, JFG, Nobile, 2005)

    The added mass: a simplified model

ρs∂ttd+ Ld = p|Σ, in Σ,



































−∆p = 0, in Ω
f

∂p

∂n
= −ρf

∂u

∂t
· n = −ρf∂ttd, on Σ

∂p

∂n
= 0, on Γ1

p = 0 on Γ2



Solid:

✓ From this definition, we have p|Σ = MA(−ρf∂ttd) = −ρfMA∂ttd
<latexit sha1_base64="GqK1FrNr5Wkuu6iiBv9iE1F9vTI="></latexit>

ρ
s

εd̈ + Ld = p|Σ, in Σ,Steklov-Poincaré operator

The operator MA : H−

1

2 (Σ) → H
1

2 (Σ) defined as: for each g ∈ H−

1

2 (Σ) we set

MA(g)
def
= q|Γw , where q ∈ H1(Ωf) solves



































−∆q = 0, in Ω
f

∂q

∂n

= g, on Σ

∂q

∂n

= 0, on Γ1

q = 0, on Γ2

is a linear, compact, positive and self-adjoint operator in L2(Σ).

The added mass operator

ρs∂ttd+ Ld = p|Σ, in Σ,
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

































−∆p = 0, in Ω
f

∂p

∂n
= −ρf∂ttd, on Σ

∂p

∂n
= 0, on Γ1

p = 0 on Γ2
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Fluid:



⇤ ⇥� ⌅

�

ρsε+ ρfMA

�

∂ttd+ Ld = 0, in Σ
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Remark:

‣ The fluid-structure coupling can be condensed into an extra mass action on the structure 
(hence the terminology “added-mass effect”)

‣  This equation looks like a structure equation, except for the extra “mass” term

(1)

(2)

The added mass effect

 

Solid: ρs∂ttd+ Ld = p|Σ, in Σ,
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


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



















−∆p = 0, in Ω
f

∂p

∂n
= −ρf∂ttd, on Σ

∂p

∂n
= 0, on Γ1

p = 0 on Γ2
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Fluid:

p|Σ = −ρfMA∂ttd
<latexit sha1_base64="u9gD57S9dVRvzJ2KGpqi8sajaM0="></latexit>

• If we try to perform a naive fixed point argument (Fluid+Dirichlet, Struc-
ture+Neumann)to prove existence of solution then it works only in the
case where the mass of the structure is large enough compared to the one
of the fluid.
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Implicit coupling Explicit coupling

Numerical evidence

• Instabilities disappear when the solid density is (artificially) increased

• Instabilities are independent of the time step

• The instability is sensitive to the length of the domain



We consider a 2D container whose boundary is made of a 1D elastic rod or

beam.

Fluid Domain:

Ωη(t) := {(x, y) 2 R
2 , x 2 (0, L) , y 2 (0, 1 + η(x, t))} .

Fluid:
8

>

>

>

<

>

>

>

:

ρf∂tu+ ρf (u ·r)u� ν∆u+rp = f in Ωη(t),

divu = 0 in Ωη(t),

u(0, ·) = u0 in Ωη0
,

Structure:
(

ρs∂ttη � δ∂xxttη + α∂4
xη � β∂xxη � γ ∂xxtη = (Tf )2(u, p, η) in (0, L),

η(0, ·) = η0, ∂tη(0, ·) = η1,

Boundary conditions:

• u(t, ·) = 0 on Γ0.

Coupling conditions:

• u(t, x, 1 + η(t, x)) = (0, ∂tη)
T on (0, L);

•

Z L

0

Tf · v(·, 1 + η(·)) da =

Z

Σ(t)

(�2νD(u) · nt + pnt) · v dat 8v,
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Four cases will be considered

(C1) β > 0, γ = δ = α = 0,

ρs∂ttη − β∂xxη = (Tf )2,

(C2) α > 0, δ > 0, β = γ = 0,

ρs∂ttη − δ∂xxttη + α∂4

xη = (Tf )2,

(C3) α > 0, γ > 0, β = δ = 0,

ρs∂ttη + α∂4

xη − γ ∂xxtη = (Tf )2,

(C4) α > 0, γ = β = δ = 0,

ρs∂ttη + α∂4

xη = (Tf )2,
<latexit sha1_base64="0PTBuVXiLEc4e+AhmjRn5x32gbg="></latexit>

Results

• For the first three cases: existence of strong solutions locally in time, [CG,

Hillairet, Lequeurre, 19].

• For the case (C3): no collision occurs and there exists a unique global in

time strong solution, [CG, Hillairet, 16].

• For the four cases: existence of weak solution as long as no contact occurs.

• For the case (C4): existence of a global weak solution "beyond contact",

[Casanova, CG, Hillairet, in progress].
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Strong Solutions



Functional spaces of strong solutions

For the fluid:

u 2 H1

] (QT ) , r
2
u 2 L2

] (QT ) , c 2 L2(0, T ) , rp 2 L2

] (QT ) ,

For the structure:

• In the case (C1)

η 2 H2(0, T ;L2

] (0, L)) \ L∞(0, T ;H2

] (0, L)) \W 1,∞(0, T ;H1

] (0, L)),

• In the case (C2)

η 2 H2(0, T ;H1

] (0, L)) \ L∞(0, T ;H3

] (0, L)) \W 1,∞(0, T ;H2

] (0, L)),

• In the case (C3)

η 2 H2(0, T ;L2

] (0, L)) \ L2(0, T ;H4

] (0, L)),



 Steps of the Proof

• Write the fluid equations on the reference configuration Ω0

ρf (detrχ⌘)∂tv+ρf (v · (B⌘r))v�µdiv((A⌘r)v)+(B⌘r)q = 0, in Ω0

with χ⌘(x, y) = (x, y(1 + η0(x)) + R(η � η0)(x, y) where R is a linear

operator from H
3/2+"

] (0, L) into H2+"
] (Ω0).

• Write the problem as a perturbation with respect to a linear problem,

ρf (detrχ⌘0
)∂tv � µdiv((A⌘0

r)v) + (B⌘0
r)q

= ρf (detrχ⌘0
� detrχ⌘0

)∂tv � ρf (v · (B⌘r))v

+ div(((A⌘0
�A⌘r))v) + ((B⌘0

�B⌘)r)q, in Ω0 .

• Study the linear problem with η0 2 H2
] (0, L).

• Fixed point procedure: the right hand side is small for small time since in
particular kη�η0kL∞(0,T ;H

3/2+"

]
(0,L))

 T ✓kη�η0kL∞(0,T ;H2
]
(0,L))∩W 1,∞(0,T ;L2

]
(Ω0)).



The linear unsteady case

We study the following linear coupled problem (in the case (C1)):

ρf (detrχη0
)∂tv � µdiv((Aη0

r)v) + (Bη0
r)q = f + divh, in Ω0,

div(Bη0
v) = g, in Ω0,

ρs∂ttη � β∂xxη = �ν(Aη0
r)v)e2 · e2 + qBη0

e2 · e2 + he2 · e2, on (0, L),

v(x, 1) = ∂tη e2, on (0, L).

Remark: The right hand side g satisfies the compatibility condition
R
Ω0

g =
R L

0
∂tη = 0.



The linear unsteady case

Key steps

• We keep the system as a coupled system,

• First step: lifting the non homogeneous divergence g keeping the kinematic
boundary condition v(x, 1) = ∂tη e2. It is made possible because of

R
Ω0

g =
0,

• (v, ∂tη) as test functions =) energy estimates,

• (∂tv, ∂ttη) as test functions =) estimates of the accelerations in L2 pro-
vided that we can control k∂xtη||

2
L2(0,T ;L2

]
(0,L))

,

• (�∂xxv,�∂xxtη) as test functions =) estimate on kr∂xvk
2
L2(0,T ;H1

]
(Ω0))

and on k∂xtη||
2
L∞(0,T ;L2

]
(0,L))

. But we have to estimate pressure terms asZ
Ω0

∂xq ∂xB⌘0
: div v

=) Use of the elliptic estimate for the Stokes problem that requires a control

of ∂tv in L2
] (Ω0) and ∂tη in H

3/2
] (0, L).
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Elliptic Result



Elliptic Result

Let b 2 H2
] (0, L), minx∈[0,L](1 + b(x)) > 0, consider the Stokes problem in

Ωb = {(x, y) 2 R
2, x 2 (0, L), y 2 (0, 1 + b(x))}

�ν∆v +rq = f, in Ωb,

div v = g, in Ωb,

v(x, 1 + b(x)) = (0, η̇(x)), x 2 (0, L).

The study of the elliptic regularity of (v, q) is equivalent to the one for (z, r)
defined by

z(x, y) = v(x, y(1 + b(x)), r(x, y) = q(x, y(1 + b(x))

solution of

�νdiv(Abrz) + (Bbr)r = f̄ , in Ω0,

div(Bt
bz) = ḡ, in Ω0,

z(x, 1) = (0, η̇(x)), x 2 (0, L),

with Bb = cof rχb, Ab =
BbB

t
b

1 + b
, and χb(x, y) = (x, y(1 + b(x)).



Elliptic Result

Let b 2 H2
] (0, L), minx∈[0,L](1 + b(x)) > 0, consider the Stokes problem in

Ωb = {(x, y) 2 R
2, x 2 (0, L), y 2 (0, 1 + b(x))}

�ν∆v +rq = f, in Ωb,

div v = g, in Ωb,

v(x, 1 + b(x)) = (0, η̇(x)), x 2 (0, L).

The study of the elliptic regularity of (v, q) is equivalent to the one for (z, r)
defined by

z(x, y) = v(x, y(1 + b(x)), r(x, y) = q(x, y(1 + b(x))

solution of

�νdiv(Abrz) + (Bbr)r = f̄ , in Ω0,

div(Bt
bz) = ḡ, in Ω0,

z(x, 1) = (0, η̇(x)), x 2 (0, L),

with Bb = cof rχb, Ab =
BbB

t
b

1 + b
, and χb(x, y) = (x, y(1 + b(x)).



Elliptic Result: Idea of the proof

For b ∈ H2
] (0, L), minx∈[0,L](1 + b(x)) > 0, if f̄ ∈ L2

] (Ω0), ḡ ∈ H1
] (Ω0),

η̇ ∈ H
3/2
] (0, L) and if the compatibility condition

Z
Ω0

ḡ =

Z L

0

η̇ is satisfied

then z ∈ H2
] (Ω0) and r ∈ H1

] (Ω0).

Steps of the Proof:

• Existence a unique of weak solution and estimates with respect to the data

with f̄ ∈ H−1

] (Ω0), ḡ ∈ L2

] (Ω0) and η̇ ∈ H
1/2
] (0, L).

Key arguments:

– Ab is coercive, Ab ≥ λI,

– Bb is invertible.



Elliptic Result: Idea of the proof

• Regularity estimates.

Key arguments:

– Differentiate the equation with respect to x. (∂xz, ∂xr) is solution of

�νdiv(Abr∂xz) + (Bbr)∂xr = ∂xf̄ + νdiv(∂xAbrz)� (∂xBbr)r, in Ω0,

div(Bt
b∂xz) = ∂xḡ � div(∂xB

t
bz), in Ω0,

∂xz(x, 1) = (0, ∂xη̇(x)), x 2 (0, L),

– Use the previous step together with

⇤ ∂xAb 2 L∞(0, 1;H1
] (0, L)),

⇤ div(∂xAbrz) 2 H−1
] (Ω0), div(∂xB

t
bz) = ∂xB

t
b : rz 2 L2

] (Ω0),

⇤ kdiv ((∂xAbr)z)kH−1

]
(Ω0)

 k(∂xAbr)zkL2

]
(Ω0)  K(b)kzk

1/2

H1

]
(Ω0)

k∂xzk
1/2

H1

]
(Ω0)

.



Key Ingredients

• Obtain elliptic results for the Stokes problem;

• Control the geometrical terms;

• Fill the gap created by the parabolic-hyperbolic coupling =⇒ use the

damping coming from the fluid;

• Avoid the added mass effect =⇒ keep the problem as a coupled system or

decouple it in a proper way;
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Other results

• [H. Beirão Da Veiga, 04] Existence of strong solutions for a 2D fluid, locally
in time, for small data

• [J. Lequeurre, 10, 12] Existence locally in time of strong solutions for 2D
or 3D fluid coupled with a plate or a membrane with additional viscosity
on the structure

Idea: Decouple and use the regularity of the solution of each sub–problem
=⇒ Added Mass effect



Sketch of the proof of J. Lequeurre 

Write the fluid equations in the reference configuration:

Fluid:


















ρf∂tu� ν∆u+rp = Fη(u, p) in Ω,

divu = Gη(u) in Ω,

u(0, ·) = u0 in Ω,

Structure:






































ρs∂ttη + α∂4

xη � β∂xxη � γ∂x∂tη

= p+ (Tη(u, p))2 in ω = (0, L),

η =
∂η

∂n
= 0 on ∂ω,

η(0, ·) = η0, ∂tη(0, ·) = η1,

Coupling conditions: Equality of the velocities:

u(t, x, 1) = (0, ∂tη(t, x))
T
, x 2 ω.
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Steps

• Study of the linear problem by decoupling the fluid and the structure. But

first:

– Lifting of the non homogeneous divergence problem. Works well sinceR
Ω
Gη(u) = 0

– Split the fluid pressure and velocity in two parts, one of which will

be treated implicitly.

• Prove that the non linear terms are small, for small enough time.



Fluid:

Define us as us = rθ
(

∆θ = 0
∂θ

∂n
= ∂tη

Define ps as
(

∆ps = div f

∂ps

∂n
= �ρf∂ttη + f.n

Define (ue, pe) as
8

>

>

>

>

>

<

>

>

>

>

>

:

ρf∂tue � ν∆ue +rpe = Π(f),

divue = 0,

ue · n = 0
ue · τ = �us · τ,

Structure:

8

>

>

>

>

>

<

>

>

>

>

>

:

(ρs + ρfM)∂ttη + α∂4

xη � β∂xxη � γ∂x∂tη = pe +H in ω,

η =
∂η

∂n
= 0 on ∂ω,

η(0, ·) = η0, ∂tη(0, ·) = η1,

Ref: [J.-P. Raymond]
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Global existence of strong solutions



Global existence of strong 

solution 

Collision in the rigid body case [Starovoitov], [San Martin et al], [Hillairet],
[Hillairet, Takahashi], [Gérard-Varet, Hillairet]...

• 2D: no contact for weak solutions and smooth rigid body [Hillairet]

• 3D: no contact for weak solutions and smooth rigid body, and contact
between the ball and the boundary of the cavity implies blow up of strong
solutions [Hillairet, Takahashi]

• 2D: body with C1,α,α < 1/2 boundary, contact is possible
[Gérard-Varet, Hillairet]

Questions:

• Either we are able to give sense to the solution after "collision"?

• Or we can prove that no collision occur?



No-collision and Global 

Existence Result  

We consider the case (C3), namely a beam in flexion with additional viscosity.
We know that the exists of a unique strong solution locally in time, s. t.

u 2 L2(0, T ;H2
] (Ω⌘(t))) \H1(0, T ;L2

] (Ω⌘(t)))

p 2 L2(0, T ;H1
] (Ω⌘(t)))

η 2 H2(0, T ;L2
] (0, L)) \ L2(0, T ;H4

] (0, L))

The solution blows up in finite time if and only if the quantity

C(t) := sup
x∈[0,1]

1

h(x, t)
+

Z L

0

�

α|∂xxxh(x, t)|
2 + γ|∂txh(x, t)|

2
�

dx

+

Z L

0

Z h(x,t)

0

µ|ru(x, y, t)|2dxdy

with h = 1 + η, blows up in finite time.
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No-collision Result  

h ∈ L∞(0, T ;H2

] (0, L))Z
L

0

1

h
< +∞

=⇒ prevents contact;

Idea: write h(x) = h(x0) +
R
x

x0

(s− x)∂xxh(s)ds.

To obtain this additional estimate we need α > 0 and γ > 0.

=⇒ the elliptic regularity result holds true

=⇒ we can prove the existence of strong solution on any time interval [0, T ].
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Simplified model

∂ttρ− β∂xxρ+ α∂xxxxρ− γ ∂xxtρ = q, (1)

∂tρ = ∂x[ρ
3∂xq] , (2)

First, multiplying (1) by ∂tρ and combining with (2) multiplied by q yields:

1

2

d

dt


Z

1

0

�

|∂tρ|
2 + β|∂xρ|

2 + α|∂xxρ|
2
�

�

+

Z

1

0

�

γ|∂txρ|
2 + ρ3|∂xq|

2
�

= 0 .

=⇒ Energy estimates

Then, we multiply (1) by −∂xxρ. Integration by parts yields, applying (2) to
compute ∂x[ρ

3∂xq]:

d

dt


Z

1

0

⇣γ

2
|∂xxρ|

2
− ∂tρ ∂xxρ

⌘

�

+

Z

1

0

�

β|∂xxρ|
2 + α|∂xxxρ|

2
− |∂txρ|

2
�

=

Z

1

0

q∂xxρ = −
1

2

Z

1

0

ρ3∂xq∂x



1

ρ2

�

=
1

2

Z

1

0

∂tρ

ρ2
.

Finally, we obtain:

d

dt


Z

1

0

1

2

✓

γ|∂xxρ|
2 +

1

ρ

◆

−

Z

1

0

∂tρ ∂xxρ

�

+

Z

1

0

�

β|∂xxρ|
2 + α|∂xxxρ|

2
�

=

Z

1

0

|∂txρ|
2
.



Simplified problem

The uniform lower bound of ρ uniformly in time and the dissipation estimate
leads to

sup
t∈(0,T )

⇣

kρ−1(·, t)kL∞

]
(0,1)

⌘

+

Z T

0

kqk2
H1

]
(0,1)  C0 .

We can now multiply the structure equation by �∂txxρ. This yields after inte-
gration by parts:

1

2

d

dt


Z 1

0

|∂txρ|
2 + α|∂xxxρ|

2 + β|∂xxρ|
2

�

+ γ

Z 1

0

|∂txxρ|
2 =

Z 1

0

q∂txxρ.

Because of the H1-bound on q, we obtain a global regularity estimate:

sup
t∈(0,T )

⇣

kρk2
H3

]
(0,1) + k∂tρk

2
H1

]
(0,1)

⌘

+

Z T

0

k∂tρk
2
H2

]
(0,1)  C0 .



Z
∂Ωη(t)

Tf (w, q)n · u�

Z
Ωη(t)

(ν∆w �rq)u

Idea of the proof: each estimate is done on the system written is the deformed

configuration

• Energy estimate – Test functions: (u, ∂tη).

=) u 2 L2(0, T ;H1
] (Ω⌘(t))) \ L∞(0, T ;L2

] (Ω⌘(t))),

η 2 L∞(0, T ;H2
] (0, L)) \W 1,∞(0, T ;L2

] (0, L)) \H1(0, T ;H1
] (0, L)).

• Distance estimate - Choice of appropriate test functions:

w = r
⊥(∂xη χ(

y

1 + η
)

| {z }

 

), where χ(t) = t2(3� 2t)

and

q = ∂xyψ �

Z x

0

∂y3ψ

=) w(t, x, 1 + η(x)) = ∂xxη(t, x).

Thus:
Z L

0

Structure equation ⇥∂xxη =

Z L

0

(Tfe2) · e2 ∂xxη

| {z }

to be estimated

=

Z

Ωη(t)

∂tu ·w + ν

Z

Ωη(t)

ru : rw

| {z }

+

Z

Ωη(t)

(ur)uw
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There exists a constant C0 depending only on initial data for which:

sup
t∈(0,T )

⇣

γkh(t, ·)k2
H2

]
(0,L) + kh−1(t, ·)kL1

]
(0,L)k

⌘

+ α

Z T

0

kh(t, ·)k2
H3

]
(0,L)dt  C0(1 + T ) .

Remarks:

• Gives an estimate of ∂
x
3h in L2(0, T × (0, L)) (because α > 0),

• Need to control ∂
x
2h in L∞(0, L) (thus α > 0),

• Need to have dissipation in the beam equation (thus γ > 0).



Regularity Estimates

• Natural fluid-structure test functions (∂tu, ∂ttη).

But these are not appropriate test functions (unlike for the linear problem)

=⇒ take into account the domain motion
=⇒ need of some additional regularity of the structure displacement

• Additional estimate for the structure: Structure test function: −∂txxη

At this step, need to have an elliptic estimate.
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Choice of the tests functions:

v := ∂tu+ Λ̂ ·ru� u ·rΛ̂

with

• Λ̂ is divergence free,

• rΛ̂ 2 L2
] (QT ) and r2

Λ̂ 2 L2
] (QT ) with

kΛ̂(·, t)kL2

]
(Ω⌘)  C0(t)k∂tη(·, t)kL2

]
(0,L) , (1)

krΛ̂(·, t)kL2

]
(Ω⌘)  C0(t)k∂tη(·, t)kH1

]
(0,L) , (2)

kr2
Λ̂(·, t)kL2

]
(Ω⌘)  C0(t)k∂tη(·, t)kH2

]
(0,L) , (3)

for a.e. t 2 (0, T ),

• Λ̂ = u and ∂2Λ̂ = 0 on y = h(x, t),

• Λ̂ = 0 on y = 0 .
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• To estimate the convention terms =⇒ need of an elliptic estimate;

• Associated structure test function: ∂ttη

=⇒ Need to control the term

Z
L

0

|∂2

x
∂tη|

2

=⇒ Need to obtain an additional estimate for the structure part.

Test function: −∂xx∂tη

=⇒ need to control the applied load

=⇒ elliptic estimate.
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Weak solutions



Weak solutions

• Existence of weak solution as long as the structure does not touch the bot-
tom of the fluid cavity: the case of the wave equation with and without
damping (β > 0, γ ≥ 0);

• Existence of weak solution "beyong contact": the case of the beam equa-
tion without damping (α > 0).
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 Definition of the functional spaces

Note that the following continuous injection holds :

W 1,∞(0, T ;L2(0, L)) \ L∞(0, T ;H1(0, L)) ,! C0,1−θ([0, T ];Hθ(0, L)),

for all 0 < ✓ < 1. In particular,

W 1,∞(0, T ;L2(0, L)) \ L∞(0, T ;H1(0, L)) ,! C0,µ([0, T ];C0,1/2−θ(0, L)),

for all 0 < ✓ < 1/2.
We define :

L2(0, T ;H1(Ωη(t))) =
n
v 2 L2(bΩη), rv 2 L2(bΩη)

o
,

L2(0, T ;H1
0 (Ωη(t))) = D(bΩη)

L2(0,T ;H1(Ωη(t)))

,

Vδ =
n
v 2 C1

⇣
bΩη

⌘
, divv = 0, v = 0 on (0, T )⇥ Γ0

o
,

Vη = Vη
L2(0,T ;H1(Ωη(t)))

,

with bΩη = [t{t}⇥ Ωη(t).
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Trace on the interface

The trace of the fluid velocity u on the moving interface is not defined since the

interface is not lipschitz.

But u(t, x, 1 + η(t, x)) is well defined in L2(0, L) for a. e. t.

Indeed, let v 2 H1(Ωη(t)), v = 0 on Γ0.

kv(x, 1 + η(t, x))k2L2(0,L) =

Z L

0

(v(x, 1 + η(t, x))2dx

=

Z L

0

 

Z 1+η(t,x)

0

∂zv(x, u)du

!2

dx
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 Lifting of the structure test functions

Let b ∈ H1

0
(0, L). We define

ṽ =

�

�

�

�

(0, b)T in Ωη(t) \ Cα
R(0, b)T in Cα

then ṽ belongs to H1(Ωη(t)) and div(ṽ) = 0.

Extention of fluid test functions

Let v be such that div(v) = 0 and v(x, 1 + η(x)) = (0, b(x))T on (0, L). We

define

v =

�

�

�

�

v in Ωη(t)
(0, b)T in B \ Ωη(t)

Then v belongs to H1(B) and div(v) = 0.
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Existence theorem

We assume that

u0∈ L2(Ωη0
), η0 ∈ H1

0
(0, L), η1 ∈ L2(ω)

and
min
ω

(1 + η0) > 0, divu0 = 0 in Ωη0
,

u0 · n = 0 in Γ0, γ
n

η0
(u0) = (0, η1)

T
· n0 on ω,Z

L

0

η1(x) = 0.

Result : Let f ∈ L2

loc
((0,+∞)×R

3), g∈ L2

loc
((0,+∞)× ω), there exists at least

one weak solution as long as the structure does not touch the bottom of the

fluid cavity.
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  Weak formulation

• u(t, x, 1 + η(t, x)) = (0, ∂tη(t, x))
T , (t, x) 2 [0, T ]⇥ (0, L),

• div(u) = 0 in bΩη =
S

t∈(0,T ){t}⇥ Ωη(t).

• for all (φ, b) such that

� φ(t, x, 1 + η(t, x)) = (0, 0, b(t, x))T , (t, x) 2 [0, T ]⇥ (0, L),

� div(φ) = 0 in bΩη.

we have, for a. e. t

Z

Ωη(t)

u(t)·φ(t)�

Z t

0

Z

Ωη(s)

u·∂tφ+ν

Z t

0

Z

Ωη(s)

ru : rφ+

Z t

0

Z

Ωη(s)

(u·r)u·φ

�

Z t

0

Z L

0

(∂tη)
2b+

Z L

0

∂tη(t) b(t)�

Z t

0

Z L

0

∂tη ∂tb+ γ

Z t

0

Z L

0

∂txη ∂xb+

+ β

Z t

0

Z L

0

∂xη ∂xb

=

Z t

0

Z

Ωη(t)

f · φ+

Z t

0

Z L

0

g b+

Z

Ωη0

u0φ(0) +

Z L

0

η1b(0)
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 Weak formulation of the approximated problems

Z
t

0

Z
Ωη∗

ε
(s)

∂tuε · φε
+ ν

Z
t

0

Z
Ωη∗

ε
(s)

ruε : rφ
ε

+
1

2

Z
t

0

Z
Ωη∗

ε
(s)

(u∗

ε
·r)uε · φε

�
1

2

Z
t

0

Z
Ωη∗

ε
(s)

(u∗

ε
·r)φ

ε
· uε

+
1

2

Z
t

0

Z
L

0

∂tηε∂tη
∗

ε
b+

Z
t

0

Z
L

0

∂ttηε b+ γ

Z
t

0

Z
L

0

∂txηε ∂xb

+ β

Z
t

0

Z
L

0

∂xηε ∂xb =

Z
t

0

Z
Ωη∗

ε
(s)

f · φ
ε
+

Z
t

0

Z
L

0

g b,

8(φ
ε
, b) such that div(φ

ε
) = 0

φ
ε
(t, x, 1 + η∗

ε
(t, x)) = (0, b(t, x))T on (0, L).
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 Weak formulation of the linearized-approximated problems

Z
t

0

Z
Ωδ∗

ε
(s)

∂tuε · φε
+ ν

Z
t

0

Z
Ωδ∗

ε
(s)

ruε : rφ
ε

+
1

2

Z
t

0

Z
Ωδ∗

ε
(s)

(v∗

ε
·r)uε · φε

�
1

2

Z
t

0

Z
Ωδ∗

ε
(s)

(v∗

ε
·r)φ

ε
· uε

+
1

2

Z
t

0

Z
L

0

∂tηε∂tδ
∗

ε
b+

Z
t

0

Z
L

0

∂ttηε b+ γ

Z
t

0

Z
L

0

∂txηε ∂xb

+ β

Z
t

0

Z
L

0

∂xηε ∂xb =

Z
t

0

Z
Ωδ∗

ε
(s)

f · φ
ε
+

Z
t

0

Z
L

0

g b,

8(φ
ε
, b) such that div(φ

ε
) = 0

φ
ε
(t, x, 1 + δ∗

ε
(t, x)) = (0, b(t, x))T on (0, L).
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 Sketch of the proof

• Galerkin method

Fluid test functions: {v 2 H1
0 , div(v) = 0} + a lifting of structure test

functions �! existence for the linearized-approximated problem

• Fixed point procedure

(v, δ) 7! (v∗

ε
, δ∗

ε
) ! (uε, ηε) �! existence for the approximated problem.

• ε �! 0, uε ! u, ηε ! η �! existence for the initial problem.

In order to pass to the limit in the equation one needs a compactness result

Lemma. Let T > 0 be such that min[0,T ]×[0,L] (1 + ηε) � α > 0. For every

h > 0, h  h0

Z T

0

Z
B

ρε|uε � u
−

ε
|2 +

Z T

0

Z L

0

(∂tηε � ∂tη
−

ε
)2  C

p
h,

and Z T

0

Z
B

|ρεuε � ρ−
ε
u
−

ε
|2  C

p
h,

where ρε denotes the characteristic function of Ωη∗

ε

(t) and v(t) = v(t� h).
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Linearized-appromimated problem

We write the full coupled weak formulation in the reference configuration
thanks to the transformation:

φε(t, x, y) = (x, y(1 + δ∗
ε
(t, x)))

=)

�∆uε �! � div (Aεruε � φε),

∂tuε �! ∂tuε � φεJε �wε(B
T
ε
r)uε � φε...

Construction of a Galerkin Basis

• For the structure: (ξi)i Galerkin basis associated to the space

{b 2 H1

0
(0, L), s.t.

Z L

0

b = 0}.

• For the fluid:
(ψ0

i )i a Galerkin basis of {v 2 H1

0
(Ωf ), s.t.div (BT

ε
v) = 0}

+ ψ1

ε
lifting of the structure test functions such that

div (Bεψ
1

ε
) = 0.

Remark: The discrete system reduces to a system on the fluid degree of
freedom.
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  Approximated problem

Choice of test functions for the compactness result to pass to the limit as ε goes

to zero:

φ
ε
=

Z
t

t−h

(uε)σ(s)ds, b =

Z
t

t−h

∂tηε(s)ds.

where

vσ(x, y, z) = (σv1(x,σy),v2(x,σy))

with

σ ≥ 1 + C
√
h.

Remark: If v is divergence free, vσ is also divergence free.



   ε −→ 0

Main points:

• Pass to the limit in the domain sequence

• Choose test functions independent of ε



And γ −→ 0?

Result: When γ goes to zero (uγ , ηγ) converge towards (u, η), weak solution of
the coupled problem: Navier-Stokes/ Euler Bernoulli. We obtain the existence
of at least one weak solution as long as the plate does not touch the bottom of
the fluid cavity.

Idea: Split the low and high frequencies of the structure velocity

=⇒ Low frequencies controlled as previously

=⇒ High frequencies controlled thanks to the dissipation coming from the fluid

and since

u(t, x, 1 + η(t, x)) = (0, ∂tη(t, x))
T
∈ L2(0, T ;Hs(ω)), for some s > 0
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 Sketch of the proof

• (Tγ)γ bounded from below.

• Compactness

Lemma. Let T > 0 be such that min[0,T ]×[0,L](1 + ηγ) ≥ α > 0.Then when h

goes to 0, we have

Z T

0

Z
B

ργ |uγ − u
−

γ
|2 +

Z T

0

Z
ω

(∂tηγ − ∂tη
−

γ
)2 −→ 0,

and Z T

0

Z
B

|ργuγ − ρ−
γ
u
−

γ
|2 −→ 0,

Choice of the tests functions

φ
γ
=

Z t

t−h

((uγ −R((I −ΠN0
)(∂t(ηγ(s))))σ(s)ds, b =

Z t

t−h

ΠN0
(∂t(ηγ(s)))ds.
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Weak solutions with contact for a 

beam without viscosity

Consider α > 0 and γ > 0 for which we have existence of global strong solution.

• Question: Can we pass to the limit in the weak formulation when γ goes

to zero to obtain existence of weak solutions?

• Difficulties:

– Non smooth not connected fluid domain;

– Define a functional framework compatible with contact;

– Test fonctions depend on γ and at the limit on contact point;

– Compactness of the velocities;
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Variational Formulation

ρf

Z
Fhγ (t)

uγ(t) ·wγ(t)� ρf

Z t

0

Z
Fhγ (s)

uγ · ∂twγ + (uγ ·r)wγ · uγ

+ ρs

Z L

0

∂tηγ(t)bγ(t)� ρs

Z t

0

Z L

0

∂tηγ∂tbγ + µ

Z t

0

Z
Fhγ (s)

ruγ : rwγ

+ β

Z t

0

Z L

0

∂xηγ∂xbγ + α

Z t

0

Z L

0

∂xxηγ∂xxbγ + γ

Z t

0

Z L

0

∂xtηγ∂xbγ

= ρf

Z
Fh0

u
0
·wγ(0) + ρs

Z L

0

η1bγ(0).

with w(x, 1 + ηγ(x)) = (0, bγ(x))
T .
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Functional Framework

K[h] = {w ∈ L2

] (Ω), div w = 0 in Ω,w = 0 in (0, L)×(−1, 0),w = be2, for y > 1+η(x)}

X[h] = {(w, b) ∈ K[h]× L2

],0(0, L) | w2|(0,L)×{M}
= b}

Compactness

• Build a ”regular” displacement η ≤ η� , ∀γ;

• Obtain compactness on projection of the velocities on X[h];

• Build good approximations in H�
] (Ω)× with σ > 0 of (w� , b�).
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Let h 2 H2
] (0, L) with h � 0 and α > 0.

Define

h↵ := [h� α]+.

Then h↵ 2 C0
] (0, L) and, given κ 2 (0, 1/2), there exists a constant C indepen-

dent of α and h for which:

kh↵kH1+
]

(0,L) + kh↵kW 1,∞

]
(0,L)  CkhkH2

]
(0,L),

kh↵ � hk
W

1,∞

]
(0,L)  α+ sup

{x2[0,L]|h(x)↵}

|h0(x)|.
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Fix 0 < κ < 1
2 . Let h and h belong to H1+(0, L) \W 1,∞(0, L) with 0  h 

h < M � 1 and set

A = khkH1+
]

(0,L) + khkW 1,∞

]
(0,L) + khkH1+

]
(0,L) + khkW 1,∞

]
(0,L).

Let s 2 [0,κ/2) and (w, η̇) 2 Xs[h] enjoying the further property:

w|F−

h

2 H1
] (Ω

−

h )

Then, the following estimate holds true:

kPs[h](w, η̇)� (w, η̇)kXs  CA(kh� hkW 1,∞

]
(0,L))kwH1

]
(Ω−

h
),

with CA(x) ! 0 as x ! 0.
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L
2 compactness

Study the difference

S = ρf

Z T

0

Z

B

|ργuγ |
2 + ρs

Z T

0

Z L

0

|∂tηγ |
2 �

 

ρf

Z T

0

Z

B

|ρu|2 + ρs

Z T

0

Z L

0

|∂tη|
2

!

=
X

k

T k
1 + T k

3 � T k
3

with

T k
1 =

Z

Ik

⇣

(ργuγ , ∂tηγ), (uγ , ∂tηγ)� P
s[hδ,k](uγ , ∂tηγ)

⌘

X0

T k
2 =

Z

Ik

⇣

(ρu, ∂tη), (u, ∂tη)� P
s[hδ,k](u, ∂tη))

⌘

X0

T k
3 =

Z

Ik

hP[hδ,k](ργuγ , ∂tηγ),P
s[hδ,k](uγ , ∂tηγ)i(Xs)0,Xs

� hP[hδ,k](ρu, ∂tη),P
s[hδ,k](u, ∂tη)i(Xs)0,Xs
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          Existence results

Rigid Structure:

• Weak solutions:

– B. Desjardins, M. Esteban: 2D/3D

– C. Conca, J. San Martin, M. Tucsnak: 2D, one rigid body

– K.-H. Hoffman, V. Starovoitov: 2D

– J. San Martin, V. Starovoitov, M. Tuscnak: 2D, contacts

– M. Gunzburger, H-C. Lee, A. Seregin: 3D, one rigid body

• Strong solutions:

– C.G, Y. Maday: 2D/3D, small time, inertia of the solid large enough

– T. Takahashi, M. Tucsnak: 2D/3D, one rigid body



Beam/Plate/Membrane/Shell

• Weak solutions (as long as no collision occur):

– [Chambolle-Desjardins-Esteban-CG, 05]: Dirichlet boundary condi-
tions, 3D, α > 0, γ > 0 and δ = β = 0. The proof applies also for
β > 0, γ > 0, δ = α = 0 in 2D case.
[CG, 09]: Dirichlet boundary conditions, 3D, α > 0 and γ = δ = β =
0. The proof applies also for β > 0, γ = δ = α = 0 in 2D case.
[Muha-Canic, 13, 15]: α > 0, γ ≥ 0, Generalized Neumann boundary
conditions;
[Lengeler-Růžička, 14] : Linear Shell model (α > 0);
[Muha-Schwarzacher] : Non linear Shell model.

• Strong solutions (small time or small data):

– [Da Veiga, 04], [Lequeurre, 11, 13], [Casanova] : γ > 0, β = 0, Dirich-
let, periodic boundary conditions or modified Neumann boundary
conditions in the 2D case;

– Steady state case, enclosed cavity: [CG, 98];
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Finite number of eigenmodes:

• Weak solutions:

– B. Desjardins, M. Esteban, C. G., P. Le Tallec: Linearized elasticity,
d(t, x) =

P
N

i=1
↵i(t)�i(x).

– M. Boulakia: large displacement–small strain, u = ⌧ + (R− I) ~Gx+
Rd.

• Strong solutions:

– C. G., Y. Maday, P. Métier: large displacement–small strain, u =
⌧ + (R− I) ~Gx+Rd, nonlinear model.

– M. Boulakia, E. Schwindt, T. Takahashi : linearized elasticity, d(t, x) =
P

N

i=1
↵i(t)�i(x).

Elastic Solid

• Strong solutions:

– D. Coutand, S. Shkoller: 3D Saint-Venant Kirschhoff media/ 3D
Fluid/Gap of regularity

– J.-P. Raymond, M. Vanninathan: 3D Saint-Venant Kirschhoff me-
dia/ 3D Fluid/ Flat interface

– M. Boulakia, S. Guerrero, T. Takahashi 3D linearized elastic body in
a 3D Fluid
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Concluding Remarks

• Can we have contact in the case α= 0 ? γ=0?

• If there is contact do we have uniqueness of the solution?

• Generalization to other boundary conditions at the outlets?

• Consider the longitudinal displacement of the elastic structure.

• What about the 3D case?
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